Characterizing and controlling matter driven far from equilibrium represents a major challenge for science and technology. Here we develop a theory for the optical absorption of electronic materials driven far from equilibrium by resonant and non-resonant lasers. In it, the interaction between matter and the driving light is treated exactly through a Floquet analysis, while the effects of the probing light are captured to first order in perturbation theory. The resulting equations are reminiscent to those for equilibrium absorption but with the Floquet modes playing the role of the pristine eigenstates. The formalism is employed to characterize the optical properties of a model nanoscale semiconductor dressed by non-resonant light of intermediate intensity (non-perturbative, but non-ionizing). As shown, non-resonant light can reversibly turn this transparent semiconductor into a broadband absorber and open strong absorption/stimulated emission bands at very low frequencies (∼ meV). Further, the absorption spectra of the driven material exhibit periodic features energetically spaced by the photon energy of the driving light that reflect the periodic structure of the Floquet bands. These developments offers a general approach to understand and predict the emergent optical properties of materials dressed by the electric field of light, and catalyze the design of laser-dressed materials with desired optical properties. arXiv:1806.09217v1 [cond-mat.mes-hall] 24 Jun 2018
I. INTRODUCTION
In the past century we have made remarkable progress in our ability to design, synthesize, and model novel materials with specific functionalities. Many of the insights and tools that we have developed operate at or near equilibrium where the materials are at the minimum of an appropriate thermodynamic potential. Much less is known, however, about the properties and governing principles of matter driven far from equilibrium [1] . In this regime, the effective properties of matter depend on the applied external stimulus and the material response to it. This nonlinear dependency can lead to emergent properties and phenomena that are qualitatively different from those observed near equilibrium, see e.g. Refs. 2-11. Here we are concerned with the emergent electronic properties of matter driven far from equilibrium by light. In particular, with the ability of these laser-driven materials to absorb light. We envision a physical situation in which a laser drives matter far from equilibrium, while a second perturbative laser source probes its effective ability to absorb light across the electromagnetic spectrum. To capture and interpret the optical properties of laserdriven materials, here we introduce a generalization of the usual theory of linear optical absorption to this nonequilibrium situation where matter is constantly driven by light. New theoretical tools are needed because, in this regime, there is no stationary reference state and energy is no longer a conserved quantity. Thus, the increase of energy of a system from a given reference state can no longer be used as a criterion for the absorption of photons. In addition, the fluctuation-dissipation theorem [12] and Green-Kubo relations [13, 14] , that form * ignacio.franco@rochester.edu the basis of the usual theory of linear optical absorption [15, 16] because they summarize the response of a system near equilibrium to an external weak perturbation, are no longer valid since the Hamiltonian of driven matter is not time-translational invariant. In turn, fully perturbative approaches [16] of the response of matter to both driving and probing pulse, while possible, cannot capture the dynamics induced by the driving pulse exactly in all regimes of the laser-matter interaction.
The theory proposed below overcomes these issues by redefining the absorption properties of driven matter as the rate of transitions induced by the probe photons among the laser-dressed states of the system. From this definition, the optical absorption can be expressed by a non-equilibrium dipole-dipole time-correlation function within first-order perturbation theory in the probing light. In turn, the non-perturbative effects of the driving pulse are captured by introducing a Floquet picture into the analysis and focusing on non-interacting electronic materials for which the equations of motion of the fermionic creation and annihilation operators can be closed exactly. The formalism takes into account the quantum statistics of the pristine material, and the non-equilibrium nature of the laser-dressed matter, and generalizes previous attempts to define the optical properties of laser-dressed matter in various limits [8-10, 17, 18] . Further, it provides a useful starting point for future efforts to capture additional features introduced by electron-electron, electron-nuclear, or other many-body interactions that can contribute to heating and broadening of the spectral features.
The resulting theory has a structure that is akin to the usual linear absorption theory. However, the photoinduced transitions and transition dipoles that are encountered are between single-particle Floquet eigenstates and not between the pristine eigenstates of the system. To demonstrate its utility, we first apply it to a three-level system under resonant driving. As shown, the formalism naturally recovers the well-known Autler-Townes effect [10, 19] in which a spectral line in the absorption spectrum splits due to near resonance laser driving.
Importantly, the theory also provides the technical means to develop physical insights into the absorption properties of driven-matter, and establish structurefunction relations that apply far from equilibrium. In fact, below we use it to explore and interpret the optical properties of a model nanoscale semiconductor dressed by non-resonant lasers. Through Stark effects, non-resonant lasers of intermediate intensity (non-perturbative, but non-ionizing) can strongly modify, in a reversible fashion, the electronic structure of extended and nanoscale materials [20] [21] [22] [23] . As shown below, in addition to exhibiting a redshift in the absorption features reminiscent of the Franz-Keldysh effect [24] and the quantum confined Stark effect [25] , these laser-dressed materials have novel transient optical properties that are very different from those observed near equilibrium. In fact, we find that non-resonant light can reversibly turn a transparent semiconductor into a broadband absorber and open strong absorption/stimulated emission bands at very low frequencies (∼ meV).
The structure of this paper is as follows. In Sec. II, we introduce the optical absorption theory for laser-dressed matter. The theory relates the absorption properties to the non-equilibrium two-time dipole-dipole correlation function in the interaction picture of the laser-dressed Hamiltonian. Such correlation function is made computationally tractable by adopting a Floquet strategy. In Sec. III, the theory is applied to simulate the nonequilibrium absorption spectrum of a three-level system under resonant driving and a model nanoscale semiconductor under non-resonant driving. The simulated nonequilibrium absorption spectra is interpreted in terms of inter-and intra-Brillouin zone transitions between Floquet modes. In Sec. IV we summarize our main findings and introduce a qualitative picture for the interpretation of non-equilibrium absorption.
II. THEORY

A. Hamiltonian
We consider the optical properties of a material with Hamiltonian H M that is constantly being driven by light. The effective Hamiltonian of this laser-dressed system is
where H d (t) = −µ · E d (t) is the laser-matter interaction in dipole approximation, E d (t) the electric field of the driving light, and µ the dipole vector operator.
Here and throughout, boldface denotes vector quantities. The driving laser can be of arbitrary strength and shape, and taken to have periodicity T (angular frequency Ω = 2π/T ) such that H d (t + T ) = H d (t). For pulsed excitation sources, this treatment is appropriate when the envelope of the driving light changes slowly compared to T . The optical properties of this laserdressed material are probed by allowing the material to interact with a weak perturbative probe laser E p (t). The total Hamiltonian of the system interacting with both the drive and probe laser is
where H p = −µ · E p (t). Because the material is driven out of equilibrium by the driving laser, the equilibrium theory [15] connecting the absorption property and the dipole-dipole correlation function cannot be used here. In the following, we generalize the definition of absorption spectrum to materials driven far from equilibrium. We adopt the following notation: α, β, γ, δ will label singleparticle eigenstates of the material Hamiltonian; λ, η Floquet states; n Fourier components; and |i , |f manyelectron states.
B. Optical response of non-equilibrium matter
For definitiveness, we focus on a system that is initially prepared at time t 0 in a particular many-electron state |i with density matrix ρ = |i i|. However, the results presented below are general and apply to initial thermal states, and other non-pure states. To define the optical absorption for non-equilibrium matter we quantify its response to interaction with a monochromatic probe light at a given frequency ω. Contrary to the equilibrium case, changes in the energy of the system is not a good measure of absorption of light since the energy of the laser-dressed system is not conserved. The absorption and stimulated emission can be determined by capturing all physical processes that lead to a change of state of the laser-dressed material via interaction with a photon from the probe laser. The rate at which this happens is given by [17] 
where P (t, ω) is the probability of a probe photon of frequency ω to lead to change in the laser-dressed material after an interaction time interval t − t 0 . In this analysis, it is useful to decompose the total evolution operator U (t, t 0 ) of the system into a part U d (t, t 0 ) = T e − i t t 0 HLD(τ ) dτ that is due to the driving pulse only, and contributions to the dynamics S(t, t 0 ) by the probe light in the presence of the driving pulse, i.e.
The quantity A f i can be interpreted in two complementary but equivalent ways. It can seen as the overlap between the state of the system at time t, U (t, t 0 ) |i , under the influence of both probe and drive pulses, onto the laser dressed states U d (t, t 0 ) |f . Alternatively, it can be seen as the projection onto |f of an initial state that is propagated in a closed time loop. Such a loop consists of forward propagation from t 0 → t with both lasers turned on and then backwards from t → t 0 with only the driving pulse. This process is akin to the Kelydysh contour used in the Schwinger-Keldysh formalism [26] and the Loschmidt echo in the study of quantum chaos [27] .
The photon scattering operator (or, equivalently, the evolution operator in the interaction picture of H LD (t)) S(t, t 0 ) satisfies a Schrödinger equation i d dt S(t, t 0 ) = U † d (t, t 0 )H p (t)U d (t, t 0 )S(t, t 0 ) (S(t 0 , t 0 ) = 1) and admits a Dyson perturbative expansion. We consider the effect of H p (t) to first order in perturbation theory where
so that
There are two different type of processes that contribute to P (t, ω) = P (1) (t, ω) + P (2) (t, ω). Those in which, upon interaction, the probe photon leads to amplitude in laser dressed states U d (t, t 0 ) |f different from the laser-dressed initial state U d (t, t 0 ) |i , i.e.
where the set {|f } consist of every many-body state of the complete basis that is orthogonal to |i , i.e.
A second process that leads to absorption/emission of a probe photon, is one in which the probe light interacts with any transient dipole in the laser-dressed state U d (t, t 0 ) |i . In this case, the state of the laser-dressed material is not changed but absorption/emission of a probe photon occurs, i.e. P (2) (t) = |A ii | 2 = 1 + 1
This contribution is akin to the interaction of an electric field with a permanent dipole in matter. In the nonequilibrium case the dipole can be permanent or be in-duced by the driving pulse. Combining the two processes, and taking into account Eq. (9), P (t, ω) = P (1) (t) + P (2) 
The contribution of the laser-independent term to P (t, ω) vanishes when calculating the rate in Eq. (3) and will be dropped from this point on. Note that P (t, ω) depends quadratically on the field E p (t) as it reflects a first-order photon absorption/emission process. While additional contributions can arise from second order perturbation theory in S(t, t 0 ) that also contribute as |E p (t)| 2 , these contributions vanish in P (t, ω). Thus, Eq. (11) is consistent up to second order in E p (t).
To specify the response, it suffices to consider a monochromatic probe pulse E p (t) = ε p cos(ωt) of frequency ω, amplitude ε p = |ε p | and polarization ε p /ε p .
In this case, H p (t) = −µε p cos(ωt), where µ = µ · ε p /ε p is the dipole vector operator projected onto the direction of laser polarization. It then follows that the transition probability can be written in a compact way:
Here
is a two-time correlation function where A I (t), B I (t) are system operators in interaction picture, i.e. A I (t) = U † d (t, t 0 )AU d (t, t 0 ). The final expression for the rate of absorbing/emitting a photon is given by
When E d (t) = 0, Eq. (14) reduces to the well-known expression I eq (ω) ∝ C(τ )e −iωτ dτ , where C(τ ) = µ I · µ I (τ ) for equilibrium systems due to the timetranslational invariance in this case [28] .
Equation (14) defines the optical response of matter driven by non-perturbative light. It applies to any material, to pure or mixed initial states with density matrix ρ, and to resonant and non-resonant driving pulses of arbitrary intensity. Nevertheless, numerically these equations are challenging to use directly because they require propagating the many-body state to long times and back for each frequency and for each pair of interaction times t 1 and t 2 with the probe field.
Below we specialize our considerations to fermionic systems, and show how further progress can be made by invoking Floquet theorem and focusing on effective noninteracting systems.
C. Optical absorption for laser-dressed electronic materials
We consider electronic materials that can be described as an effective non-interacting Hamiltonian, as that expected from time-dependent density functional theory [29, 30] . In this case,
where the operator c † α (or c α ) creates (or annihilates) a fermion in a given single-particle state |α , and where the time dependence arises from the interaction with the driving laser. To calculate P (t, ω) [Eq. (12) ], note that the integrand in this quantity is determined by the dipole operator µ I (t) = αβ µ αβ c † α (t)c β (t) in interaction picture, where
is the annihilation operator in interaction representation.
To incorporate the effect of the driving pulse exactly, it is thus necessary to obtain a closed expression for c α (t). The equation of motion for the annihilation operator is
where H I (t) ≡ U † d (t, t 0 )H LD (t)U d (t, t 0 ) is the Hamiltonian of molecule plus driving pulse H LD (t) in the above interaction picture. For non-interacting Hamiltonians [Eq. (15) ],
These equations can be solved in closed form to give
where
Here H is the effective Hamiltonian of each particle in the laser-dressed system in first-quantization with single-particle matrix elements h αβ = α|H|β . This simplification allows us to introduce Floquet theory at the single-particle level (see Section II C 1). The solution in Eq. (19) can be verified by inserting it into Eq. (18) and taking into account that 
The problem of determining c α (t), and thus P (t, ω), has now been reduced to the problem of determining the single-particle evolution operator U(t, t 0 ). Equations (20) and (19) are solved below using Floquet theory.
Floquet theory for the single-particle evolution operator
As the dressed material's Hamiltonian is periodic
According to the Floquet theorem [4, 31, 32] , for periodically driven Hamiltonians, there exists solutions, socalled Floquet states, to the Schrödinger equation
of the form
where the |φ λ (t) are the so-called Floquet modes and where the quasi-energies E λ are uniquely defined in the first Brillouin zone (BZ) {− Ω/2 ≤ E λ < Ω/2}. Note that the Floquet states {|ψ λ (t) } are single-particle states rather than many-body states. While there exists also many-body Floquet states, in this context, it is much simpler to work at the single-particle level.
To understand Floquet theorem, consider the eigenstates of the evolution operator after a time T (i.e. from t to t + T )
with eigenvalues e −iE λ T / , where the energies E λ are defined by the eigenvalue equation. In this section, for simplicity, we take t 0 = 0 and abbreviate U(t) ≡ U(t, t 0 ). The Floquet states of the form in Eq. (22) can be defined as
where we have defined the Floquet mode
To prove Floquet theorem, it suffices to show the Floquet mode satisfies |φ λ (t + T ) = |φ λ (t) . This follows because
where we have used the eigenvalue relation Eq. (23). All quasi-energies E λ + n Ω where n is an integer satisfy the same eigenvalue equation (23) 
where H(t) − i d dt is the Floquet Hamiltonian defined in the extended space-Hilbert space ⊗ time. For single particle Hamiltonians, Eq. (27) defines the single-particle Floquet modes and their quasienergies.
Since the Floquet modes are periodic function in time, in addition to their usual expansion in a complete singleparticle basis in Hilbert space, they can also be expanded into Fourier components, {e inΩt , n ∈ Z}, i.e. 
Here the matrix elements of the Floquet Hamiltonian are given by
where H (n) (h (n) αβ ≡ α|H (n) |β ) is the nth Fourier component of the single-particle Hamiltonian of the laserdressed system,
Equation (29) 
where we have made the initial time dependence explicit. Equation (32) (32) and (33) can now be used to compute correlation functions and the spectrum as described below.
Correlation function in Floquet theory
To calculate the two-time dipole-dipole correlation function [Eq. (13) ], the dipole operator in the interaction picture of H LD (t) is required. To obtain it, one can directly insert the creation and annihilation operators in Eq. (33) into the dipole operator µ
where r runs over particles and µ αβ = α |μ | β . However, here it is simpler, and equivalent, to first take the dipole operator for a single particleμ and compute its form in the interaction picture of H(t), and then use it to construct a second quantized form for µ I (t). The equivalence is due to the fact that, for effective non-interacting electronic systems, the single-particle operator µ I (t) in the interaction picture of H LD (t) can be obtained by computing its counterpart in the first-quantized form U † (t, t 0 )μU(t, t 0 ) followed by a second-quantization step. As shown below, this treatment leads to transition dipoles between Floquet modes, offering a compact expression for the final non-equilibrium absorption. Using this fact and inserting Eq. (32) for the single-particle evolution operator, it follows that
Because the Floquet modes are periodic, so is the dipole matrix µ λ λ (t) = µ λ λ (t + T ) such that it admits a Fourier expansion
with the expansion coefficients
Inserting this expansion into Eq. (34) yields
The correlation function can then be obtained by inserting Eq. (37) into Eq. (13)
where, for future convenience, we have transformed the two time arguments into a center of masst = t1+t2 2 and a relative time variable τ = t 2 − t 1 . For a system initially prepared in a statistical mixture of single Slater determinants, the term c † γ c δ c † γ c δ entering into the correlation function [Eq. (39) ] can be computed as follows. This term does not vanish in two different cases, γ = δ, γ = δ and γ = δ , δ = γ , which gives
γ c γ is the number operator andn γ = Tr{ρn γ } the initial distribution function of the singleparticle energy eigenstates. For thermal initial statesn γ corresponds to the Fermi-Dirac distribution.
Time integration and final expressions
In the center of mass and relative time variables the rate of absorption/emission [Eq. (14) ] is given by
We take the preparation time of the system to be in the remote past, such that t 0 → −∞. In this limit, the twotime integral in Eq. (14) reduces to Fourier transforms, i.e.
The second complex exponential term that depend ont in Eq. (42) does not contribute to I(ω), see Appendix A for details. It suffices then to focus on the e −iωτ term, i.e.
Inserting Eq. (39) into the above equation, one notices that the integration with respect tot gives oscillatory contributions whose contribution to I(ω) vanishes at t → +∞ except when the oscillatory factor is zero. In that case, the integration leads to a (t − t 0 ) term that cancels the 1/(t − t 0 ) in the expression for I(ω). This happens when E η η +E λ λ = 0 and n+n = 0. The former condition implies that either η = λ, η = λ or η = η, λ = λ. Taking this into account, the absorption spectrum can be written as
where the last term corresponds to the same expression but replacing ω with −ω, and where we have taken into account of the integral representation of the delta function δ(ω) = 1 2π +∞ −∞ e iωt dt and δ( ω) = δ(ω)/ . The quantity I(ω) measures the rate of change induced by the probe photons on the laser dressed material. However, it does not tell us whether the change is due to absorption or stimulated emission processes. We identify the first two terms in Eq. (44) as optical absorption because ω > 0 and the delta functions in Eq. (44) will only be non-zero when the energy difference between the Floquet states involved E λ λ + n Ω is positive, leading to absorption of photons from the probe field. By contrast, the −ω term corresponds to stimulated emission. The net absorption of probe photons by the laser-dressed material would correspond to the difference between these two contributions:
where we have taken into account that the δ(n Ω − ω) andn γnγ contribution exactly cancel. Inserting Eq. (38) into Eq. (45) and introducing
which acts as an effective population factor between the Floquet modes yields the final expression of the absorption spectrum for laser-dressed matter
where we have taken into account that µ (−n) λλ = µ (n) * λ λ . Equation (47) offers a clear structure for the interpretation of non-equilibrium absorption, that is analogous to the one encountered in equilibrium absorption theory. The Floquet modes play the role of system eigenstates and the effective population factor P λλ characterize the probability that |φ λ is occupied while the state |φ λ is unoccupied. The first term captures absorption when the frequency of the probing light is at resonance with a transition frequency between two Floquet modes E λ λ + n Ω. In turn, the second term is stimulated emission. The states must be connected by a non-zero transition dipole µ (n) λλ for a transition to occur. An additional feature that arises from the timedependence of Floquet states is that the effective dipole operator µ (n) λλ has an extra index n, originating from the periodicity of the Floquet states. This extra index can be understood as the indicator for intra-or inter-BZ transitions. When n = 0, it indicates that the transitions are inside the same BZ. In turn, when n = 0 the transitions happen between different BZs and n indicates the number of BZs that seperates the two Floquet states. This transition is analogous to the umklapp process in solids where the crystal momentum is changed into another BZ as a result of a scattering process. The probability for different number of BZs to be involved depends on the details of the system, the strength and frequency of the driving laser. Note that while for equilibrium absorption µ αβ = µ βα , for non-equilibrium absorption µ
Equation (47) shows that one can naturally interpret nonequilibrium absorption as optical transitions among Floquet states. Besides atoms, molecules and nanoscale systems, Eq. (47) can also be applied to solids if the single-particle states are taken as Bloch states. In that case, it is interesting to contrast Eq. (47) to previous efforts to develop theories of laser-dressed semiconductors [17, 33] . Equation (47) generalizes the results in [17] by providing a physically transparent derivation of the non-equilibrium optical absorption and clarifying its basic structure, incorporating the effects of quantum statistics and, importantly, by recognizing the role of stimulated emission processes in P (t, ω).
By adopting a Floquet strategy, we have been able to reduce the dynamic problem of optical absorption/stimulated emission of laser dressed matter to a static problem that requires sums over Floquet states and single-particle energy eigenstates. These states can be obtained via simple diagonalization techniques. To calculate A(ω) it is necessary to: (i) Diagonalize the material Hamiltonian H M to obtain the single-particle energy eigenstates {|α } and express the dipole operator in this basis; (ii) Construct the Floquet Hamiltonian matrix Eq. (30) and solve Eq. (29) by diagonalization to obtain the quasi-energies {E λ } and the expansion coefficients of Floquet modes {F nβ } in the |βn basis. In practice, to solve these equations the Floquet Hamiltonian matrix needs to be truncated. Results need to be checked for convergence on the number of Fourier components; (iii) Calculate the effective dipole using Eq. (36) and population factor following the definition in Eq. (46) and use them to compute the absorption spectrum based on Eq. (47). From a numerical perspective, the second step is most challenging because it involves a diagonalization of the Floquet matrix whose size scales as O(N b N F ) where N F is the number of Fourier components and N b is the number of single-particle orbitals of the system. This matrix grows quickly for realistic systems under non-resonant or strong driving.
III. APPLICATIONS OF THE THEORY AND INTERPRETATION OF THE NON-EQUILIBRIUM SPECTRA
Using Eq. (47) we are now in a position to quantify and interpret the optical properties of laser-dressed matter. The validity of the theory is demonstrated by using it to recover the well-known Autler-Townes effect of laser-dressed few-level systems. The utility of the approach, by using it to explore the optical properties of nanoscale semiconductors driven by non-resonant light.
As shown, non-perturbative reversible driving with nonresonant light can significantly distort the absorption spectrum leading to a new laser-dressed material with spectral features that have no equilibrium counterpart. A qualitative scheme to interpret non-equilibrium absorption in the laser-dressed picture is developed and used to assign spectral features in both cases.
A. Resonantly driven three-level system Autler and Townes [10] showed that an optical transition between two levels in a few level system can be split into a doublet when one of the two levels involved in the transition is coupled to a third one by a strong resonant light, a phenomenon that is also referred as the dynamic Stark splitting. The Autler-Townes (AT) effect has been observed in the absorption spectra of atoms [10] , small molecules [35] , superconducting Josephson junction [36] and quantum dots [34] dressed by resonant lasers.
To demonstrate that Eq. (47) recovers the AT effect, we computed the non-equilibrium absorption spectra in the three-level system (with states |1 , |2 and |3 ) shown in Fig. 1A . In the computations, the system is driven by a laser that is resonant with the |2 → |3 transition. The resulting absorption spectra is shown in Fig. 1B . As can be seen, the absorption spectrum clearly exhibits the Autler-Townes splitting, and the slope of the observed linear increase in the splitting with ε d is in quantitative agreement with previous theoretical and experimental observations (Fig. 1C ) [34] .
The interpretation of the AT effect is a well developed subject [9, 19] . In the laser-dressed picture it can be understood through resonances induced by resonant driving between Floquet states, and their subsequent Rabi splitting. It is instructive to interpret this phenomenon through Eq. (47). For definitiveness, consider the µ 0 ε d /∆ = 0.04 case. Figure 2B shows the quasienergies in the first BZ and overlap between Floquet modes at times t 0 + nT and the pristine states. As can be seen, the Floquet modes |φ 1 , |φ 2 are a linear combination of the two pristine states |2 and |3 , that are under resonant driving while the Floquet mode |φ 3 is just the pristine state |1 . The two transitions, labeled by X, Y in panel A, are transitions between Floquet modes |φ 3 → |φ 1 , |φ 2 separated by two BZs, respectively. The corresponding effective transition dipole and population factor for these two transitions are marked in Fig. 2C -D. Clearly, these two transitions are allowed by population and transition dipoles. Other intra and interband transitions with nonzero transition dipoles are not allowed by the population factor.
B. Non-resonantly driven tight-binding nanostructure
We now focus on the optical properties of a generic two-band semiconducting nanostructure driven by nonresonant light of intermediate intensity. Through Stark effects, non-resonant light can dramatically distort the electronic structure of nanostructures and extended systems creating a laser-dressed material with effective electronic properties that can be very different from those observed near equilibrium. Below we clarify the optical properties of such laser-dressed materials in the context of a minimal one-dimensional tight-binding model. We focus on the reversible regime of the laser-matter interaction where the net absorption of photons by matter from the non-resonant driving pulse is suppressed.
The tight-binding Hamiltonian of a one-dimensional two-band semiconducting nanoparticle with K unit cells is
where c † k creates a fermion on site k (|k = c † k |0 , where |0 is the vaccum state), and where h.c. stands for hermitian conjugate. Each unit cell consists of two sites with onsite energies 1 and 2 ( 1 = − 2 = 1.6 eV) in nearest-neighbor coupling with intracell hopping parameter t α = 0.7 eV and intercell t β = 1.0 eV. The lattice constant is taken to be a = 3.2Å and the two sites in each cell to be separated by a distance b = 0.0Å. These parameters are chosen to resemble the electronic structure of ZnO.
The nanostructure is dressed in dipole approximation by a non-resonant monochromatic laser field with electric field amplitude E d (t) = ε d cos(Ωt), and probed with a laser of amplitude E p (t) = ε p cos(ωt). Both probe and drive are taken to have their polarization along the length of the nanostructure. At initial time t 0 the system is chosen to be in the ground zero-temperature state. While large system sizes can in principle be considered, below we focus on the K = 6 case such that a detailed analysis of all transitions visible in the absorption spectrum is tractable.
We focus on the regime where the frequency of the driving field is much smaller than the band gap, Ω = 0.38 eV E g = 3.31 eV such that Stark effects and not near-resonance multi-photon absorption effects dominate the dynamics. In this regime, the laser-matter interaction is reversible in the sense that, for pulsed driving, after the driving pulse is turned off the system will return to its initial unexcited state. We verify that we are in this regime by explicitly solving the time-dependent 47) is ΩR where ΩR ≡ µ0ε d / is the Rabi frequency in quantitative agreement with theoretical predictions using a different method [19] and experiments [34] . Schrödinger equation for the nanostructure under the influence of 200 fs Gaussian pulses with the maximum field amplitude and frequency of E d , and ensuring that after the pulse there is no net excitation of the chain. Figure 3 shows the non-equilibrium absorption spectrum of the nanoparticle dressed by lasers of varying amplitude ε d ∈ [0, 0.4 V/Å]. Blue lines refer to stimulated emission, red lines to net absorption and the grey lines signal the absorption peaks. Convergence of the absorption spectra requires considering N F = 61 Fourier components symmetrically around n = 0. At equilibrium (ε d = 0.00), the nanoparticle is transparent in the 0-3.2 eV range. Optical transitions start to appear when the frequency of the probing pulse is larger than the bandgap. The absorption spectra completely changes as the system is driven far from equilibrium even when the driving pulse is not generating any net charge carriers in the conduction band.
There are three essential features that emerge in the absorption as the electronic system is driven out of equilibrium: (i) Below bandgap absorption. As the driving amplitude increases in the 0−0.20 V/Å range we observe the emergence of additional spectral features just below the 3.2 eV bandgap. This phenomenon has been experimentally observed before [37, 38] and is reminiscent of the dynamic Franz-Keldysh effect [24] in solids and the quantum confined Stark effect in nanostructures [25] . (ii) Broadband absorption. A novel feature that is predicted by the theory is that by driving the nanoparticle nonresonantly it is possible to reversibly turn this IR/Vis transparent material into a broadband absorber. For instance, the non-equilibrium spectra for ε d = 0.24 − 0.36 V/Å exhibits several novel absorption peaks across the IR/Vis region that are spaced by the photon energy of the driving light. (iii) Low-frequency absorption/stimulated emission. Another novel feature that emerges far from equilibrium are strong absorption and stimulated emission features in the THz region of the electromagnetic spectrum, as those exhibited for ε d = 0.20 V/Å(emission) and ε d = 0.26 V/Å(absorption). By driving the system out of equilibrium by non-resonant light it is possible to completely change the absorption spectra of the driven materials in a reversible fashion and tune its optical properties. We now interpret these three basic features in the non-equilibrium absorption from a Floquet perspective.
Below bandgap absorption
As the driving field amplitude is increased up to 0.06 V/Å the first thing that is observed is the emergence of an additional series of absorption peaks around 3.0-3.2 eV and a reduction of the intensity of the peaks around 3.3-3.4 eV. These new peaks appear less than Ω away from the main absorption features at equilibrium and lead to a net red shift in the absorption spectrum. This phenomenon can be understood in the context of Eq. (47) by examining the transition dipoles of the driven system.
As shown in Fig. 4 , as the driving field is increased from 0.01 V/Å (A-B) to 0.06 V/Å (C-D) there is an increase in the magnitude of the transition dipoles between Floquet modes that are n = 8 BZs away that are responsible for these new spectral features. From Fig. 4 it is also clear that for ε d = 0.06 V/Å, µ (8) λ ,λ and µ (9) λ ,λ are approximate replicas of one another. This indicates that these new spectral features can be understood as Floquet replicas of the transitions for the non-equilibrium material. By contrast when the system is close to equilibrium (i.e. for ε d = 0.01 V/Å), µ (8) λ ,λ and µ (9) λ ,λ are completely different and just reflect the transition dipoles of the pristine material.
Broadband absorption and spectral replicas
As we increase the amplitude of the driving laser to ε d = 0.26 V/Å ( Fig. 3) , the semiconducting material becomes a broadband absorber with the emergence of new absorption features in the IR/Vis region where the material was transparent and with a change in the spectral features in the UV region of the pristine material. Interestingly, the absorption spectra exhibits a clear periodic structure with spectral features separated by multiples of the driving photon energy Ω.
To understand these features consider Fig. 5 which details the properties of the Floquet modes, population factors and the intraBZ transition dipoles. The quasienergies and distribution of the Floquet modes along the chain is shown in Fig. 5B . Floquet states 1-6 have quasienergies 0 > E λ > − Ω/2 and are composed mostly of Wannier states that form the valence band of the pristine material (of odd site states). In turn, Floquet states 7-12 have quasienergies 0 < E λ < Ω/2 and are composed mostly of Wannier states that form the conduction band. In this case, the population factors allow valence to conduction band transitions that originate in λ = 1 − 6 and end in λ = 7 − 12. We observe that the Floquet modes are delocalized across the nanoparticle (Fig. 5B) . Interestingly, the degree of delocalization of the Floquet modes is smaller than the states of the pristine system, but larger than the Wannier-Stark states [39, 40] that would have been obtained by diagonalizing the Hamiltonian in the presence of a fixed electric field with amplitude 0.26 V/Å.
We label the largest absorption feature in the two main cluster of peaks around 3.2 and 3.6 eV in the absorption spectra ( Fig. 5A ) by Z and Y, respectively. As can be seen in Fig. 5B , Y originates from transitions between Floquet modes |φ 1 → |φ 12 separated by n = 9 BZs, while Z originates from |φ 4 → |φ 9 transitions separated by n = 8 BZs. Thus, the cluster of peaks separated by the driving photon energy originate from transitions that are separated by a different number of Floquet replicas. The absorption spectra has visible transitions between BZs that are separated by n=3-14 BZs. Generally, the magnitude of the absorption decreases as the n BZs that separate a given transition deviates from the n = 8 − 9 needed for a transition across the band gap in the near-equilibrium system. The contributions coming from lower n broaden the frequency regime for the absorption of the material, and turn it into a broadband absorber.
The periodic structure in the absortion spectra is a clear manifestation of the periodicity of the Floquet space. This remarkable feature is particularly evident for some special values of the driving electric field (see, e.g. 0.28 V/Å in Fig. 3 ). For such values, 10 of the 12 Floquet states cluster around 2 particular quasienergy values in the first BZ, leading to a spectra with sharp periodic features. The remaining two Floquet states remain close to 0 and their relevance is discussed in Sec. III B 3. This spectral signature of the Floquet modes is complementary to those in photoemission spectroscopy [41] . 
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Low-frequency spectral features
Surprisingly, for particular values of the driving electric field we observe a strong low-frequency (∼meV) absorption or stimulated emission band, see for example ε d = 0.20, 0.26, 0.36 V/Å. These novel features can be probed using THz radiation or be used to generated THz pulses. To understand the underlying physics from a Floquet perspective, consider the transition that leads to this phenomenon for ε d = 0.26 V/Å labeled as X in Fig. 5A . As shown in Fig. 5B , we identify the strongest low-frequency transition at ω = 4 meV as the intraBZ transition from Floquet modes 6 to 7. These two states are both dipole and population allowed, see Fig. 5C -D.
As shown in Fig. 6A , the Floquet modes 6 and 7 form an avoided crossing in the Floquet picture as the driving amplitude is changed around ε d,crossing = 0.2522 V/Å. Away from the avoided crossing these two states do not have a significant intraBZ transition dipole. However, as shown in Fig. 6B , the hybridization of the two Floquet modes around the avoided crossing creates a strong transition dipole between the two levels that peaks at the crossing point ε d,crossing . Such hybridization leads to very large absorption and stimulated emission features in the absorption spectra at low frequencies. In fact, as shown in Fig. 7 , these low frequency transitions are an order of magnitude stronger than even the largest absorption peak observed at equilibrium. The hybridization also open a small energy gap that imposes a lower limit to the frequency of the transition that can be observed, in this case ∼ 0.2 meV.
Around the crossing, both absorption and stimulated emission are present. The dominant phenomenon depends on the population factor as the absolute value of the effective dipole is the same for both transitions (i.e., |µ
As shown in Fig. 7 , stimulated emission dominates for driving electric fields ε d < ε d,crossing because in this case P 76 > P 67 (Fig. 6C) , while absorption dominates for ε d > ε d,crossing because P 67 > P 76 . For a driving electric field with amplitude right around the avoided crossing (Fig. 7B) , a rich spectrum with both absortion and stimulated absorption features results. The additional peaks around ω = 0.38 eV originate from transitions from Floquet modes 6 and 7 to equivalent states one BZ away.
The avoided crossings in the Floquet picture is responsible for a number of novel phenomena such as bond softening and hardening of diatomic molecules under intense laser driving [42, 43] and coherent destruction of tunneling [44] under high-frequency driving. In this context it leads to strong low frequency absorption and emission due to hybridization of Floquet states.
IV. DISCUSSION
A. Summary of observations
In summary, we have developed a general theory to study the optical absorption properties of laser-driven materials. The optical absorption in this non-equilibrium case is defined as the rate of transitions between laserdressed states due to interaction with the probe laser [Eq. (3)]. By treating the probe laser in first-order perturbation theory, it is possible to relate the nonequilibrium absorption spectra to the two-time dipoledipole correlation function in the interaction picture of the laser-dressed Hamiltonian [Eq. (14) ]. To make further progress we focused on effective non-interacting electronic systems for which the dynamics of the creation and annihilation operators in the driving pulse can be solved in closed form by invoking Floquet theorem [Eq. (33) ].
In this way, we were able to treat the interaction between the driving electric field and matter exactly and reduce the complex time-dependent non-equilibrium calculations to a time-independent diagonalization in an extended Hilbert space.
These developments lead to a final expression [Eq. (47)] for non-equilibrium optical absorption which has a similar structure to the equilibrium one. In it, the Floquet modes play the role of system eigenstates and there are contributions due to absorption and stimulated emission. Transitions are allowed when a probe photon is at resonance with the transition frequency between two Floquet modes that have a non-zero transition dipole and that are allowed by populations. While the investigation of lasermatter interactions using Floquet approaches usually focuses on resonances between Floquet states [9, 42, 44] , in this theory the focus is on the optical transitions induced by the probe light between Floquet modes. One unique feature of the non-equilibrium absorption theory is that the transition dipoles carry an additional index indicating the number of Brillouin Zones separating the two Floquet modes.
To test the validity of the theory, we employed it to recover and interpret the well-known Autler-Townes ef- Fig. 6A, (B) right at the crossing ε d = ε d,crossing and (C) just above it. The low frequency absorption spectra transitions from stimulated emission to absorption as the driving electric field amplitude is increased across the avoided crossing.
fect. We further used the theory to characterize the non-equilibrium absorption of a model semiconducting nanoparticle reversibly driven far from equilibrium by non-resonant light. The computational analysis recovered the previously observed below band gap absorption [37, 38] and revealed two new phenomena: (i) Nonresonant light turns this IR/Vis transparent material into a broadband absorber with multiple absorption features in the energy gap of the pristine material. These fea-tures are periodically spaced by the driving photon energy and are a characteristic signature of the periodic structure of Floquet space. They can be used as an optical signature of the presence of Floquet states. (ii) Nonresonant light opens strong low frequency (∼ meV) absorption and stimulated emission features at particular driving amplitudes. These features arise because of transitions between nearly degenerate Floquet modes that hybridize thus enhancing their transition dipole. Such pair of states observe an avoided crossing with increasing driving electric field amplitude. Both low frequency absorption or stimulated emission can be observed and tuned by changing the driving electric field amplitude around the avoided crossing. These three significant changes in the absorption properties of the model nanoparticle are present in a reversible regime of the laser-matter interaction where the driving pulse per se does not generate real carriers.
B. Qualitative picture of non-equilibrium absorption
At this point, it is useful to summarize these observations into a qualitative picture of the non-equilibrium optical absorption spectra. Figure 8 shows a schematic energy diagram of a semiconducting system in the presence of non-resonant driving light. In a Floquet sense, the dressing by the driving pulse leads to replicas of the valence and conduction band of the material that are separated by multiples of the driving pulse photon energy n Ω. When the driving laser is weak, only optical transitions across the band gap E g of the material are allowed. The levels involved are separated at least m = E g / Ω BZs away, where · denotes the floor function. For simplicity in presentation, let us suppose that E g is precisely m BZs away. Thus, the transition dipoles µ (n) λ,λ for n < m will be zero. As the amplitude of the driving laser field ε d is increased the replicas are distorted and new, previously forbidden, interBZ transi- tion dipoles are created. The below band gap absorption occurs when those at n = m − 1 are allowed and these features are separated from E g at most by Ω. As ε d is increased additional absorption features are created for n = m − 2, m − 3, m − 4, · · · leading to periodic absorption features that are separated by multiples of Ω and that make this initially transparent semiconductor into a broadband absorber. Low frequency (∼ meV) optical features emerge when there are optically accessible intraBZ transitions or transitions between Floquet modes at adjacent BZ edges, as schematically shown in the figure.
For non-resonant driving most of these transitions will be optically forbidden either through transition dipoles or population factors. Strong low frequency transitions are opened when a pair of Floquet modes that are allowed by population factors enter into resonance and through hybridization create strong intraBZ transition dipoles. (iii) The population factors that determine which transitions are allowed depend on the initial state and the driving light. This contrasts with the equilibrium theory of absorption where this is just determined by the initial distribution of population among states. (iv) A natural subdivision of energy is the driving photon energy Ω that separates the different BZs. As schematically shown in Fig. 8 , one can interpret the optical properties by focusing on a given BZ and examining inter and intraBZ transitions. Except for high frequency driving, the relevant Floquet transitions that signal interband absorption will not be for states in the same BZ but for those separated E g / Ω Floquet BZs away.
The developed theory and interpretation scheme can be used to design laser-driven materials with desirable non-equilibrium optical properties. It applies for effective non-interacting electronic materials driven resonantly or non-resonantly by multichromatic light with commensurate frequencies of arbitrary strength. Future prospects include computations in realistic materials using ab initio based models, extending the theory to the fully quantum regime, and characterizing the role of electron-electron and electron-phonon interactions in the non-equilibrium absorption.
